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Intersection theorems for triangles
Peter Frankl,∗Andreas Holmsen,†Andrey Kupavskii‡
Abstract
Given a family of sets on the plane, we say that the family is intersecting
if for any two sets from the family their interiors intersect. In this paper, we
study intersecting families of triangles with vertices in a given set of points. In
particular, we show that if a set P of n points is in convex position, then the largest
intersecting family of triangles with vertices in P contains at most (14 + o(1))
(
n
3
)
triangles.
Let P be a set of n points in general position in the plane (that is, no three points
are collinear). A triangle is spanned by P if its vertices belong to P , and we say that
two triangles spanned by P are intersecting if their interiors intersect. In this note,
we study intersecting families of triangles spanned by a point set P , where a family is
intersecting if any two of its members are intersecting.
Background. It is a well-known result due to Boros and Fu¨redi [2] that for any set
P of n points in the plane in general position there exists a point of depth at least 2
9
(
n
3
)
,
where the depth of a point x is the number of triangles spanned by P that contain x in
their interior. For an alternative proof of this fact see Bukh [3], and for a construction
of a point set for which this bound is attained see Bukh, Matousˇek, Nivasch [4]. In
general, it is known that there always exists a point of depth at least α
(
n
d+1
)
for a set
of n points in Rd, where α = α(d) > 0 is a function depending only on d. This result
was originally proved by Ba´ra´ny [1] who showed the bound α > d−d, while the best
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known bound α ≥ 1
(d+1)!
is due to Gromov [8]. (See Karasev [10] for a simple proof of
Gromov’s lower bound.)
At the same time, we know the exact upper bound for the maximum depth of a
point. For an integer n ≥ 3, put F (n) :=
(
⌈n+2
2
⌉
3
)
+
(
⌊n+2
2
⌋
3
)
. Note that F (n) is strictly
increasing and limn→∞
F (n)
(n3)
= 1
4
. It is a known fact that if P is a set of n points in the
plane, then no point is contained in the interior of more than F (n) triangles spanned by
P . This can be deduced from the “upper bound theorem” for convex polytopes using
Gale duality (see [11, Remark 4.2]).
Another important motivation for our studies is the celebrated Erdo˝s–Ko–Rado
theorem [6]. It states that a family of k-element subsets of an n-element set in which
any two sets intersect has size at most
(
n−1
k−1
)
, provided n ≥ 2k. Importantly,
(
n−1
k−1
)
is the
size of the family of all sets containing a fixed point, which trivially is an intersecting
family (any subfamily of such a family is called a trivially intersecting family). A similar
phenomenon occurs in many other settings, such as permutations [5], vector spaces [9, 7]
etc.: the largest intersecting substructure is the trivial one. The goal for this note is to
initiate the exploration of this phenomenon in a geometric setting.
Results. Our first theorem deals with a seemingly restricted setting of intersecting
families of triangles spanned by the vertices of a regular n-gon, n ≥ 3. Let S1 denote
the unit circle centered at the origin in R2 and Kn be a regular n-gon inscribed in S
1.
Let x be a point very close to the center of S1 which is in general position with respect
to the vertices of Kn.
Theorem 1. Let V be the vertex set of Kn. Then the size of the largest intersecting
family of triangles spanned by V is equal to the number of triangles spanned by V that
contain x.
It is not difficult to verify that the number of triangles spanned by V that contain
x is equal to F (n). We do so in the beginning of Section 1.1.
Now let us take any set P of n points in convex position and let F be an intersecting
family of triangles spanned by P . There is a natural cyclic order on P , and whether or
not two triangles spanned by P intersect depends only on the relative positions of their
vertices with respect to this cyclic ordering. Now map the points of P to the vertices
V of Kn by an order preserving map. Thus F is mapped to an intersecting family F
′
spanned by V . Therefore, Theorem 1 implies the following theorem.
Theorem 2. Let P be a set of n ≥ 3 points in convex position in the plane. Then no
intersecting family of triangles spanned by P can contain more than F (n) triangles. On
2
the other hand, there exists an intersecting family of triangles spanned by P that has
exactly F (n) triangles.
In the other direction, Theorem 1 (together with the remark after the theorem)
clearly follows from Theorem 2. In Sections 1.1 and 1.2, we will give two proofs of
Theorem 1 (one by double-counting and one using a certain inductive procedure on the
family), which do not depend on the knowledge of the function F (k). In Section 1.3,
we will give yet another proof of Theorem 2 by induction on n.
Interestingly, it is not always the case that the largest intersecting family of triangles
in a point set is a trivial one. Indeed, an easy conclusion of Theorem 1 and the two
paragraphs that come after is that, whenever we have a set of n points in convex
position, it contains an intersecting family of triangles F of size exactly F (n): this
family is simply the ‘image’ of the family of triangles in Kn that contain x. In particular,
this shows that Theorem 2 is tight. However, this family need not be a trivial family.
Indeed, the set P of points constructed by Bukh, Matousˇek, and Nivasch [4, Theorem
1.3] is in convex position, and the maximum depth of a point for this set is
(
2
9
+o(1)
)(
n
3
)
.
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Our last theorem gives a continuous counterpart of the statement of Theorem 2.
Consider the set T = S1 × S1 × S1 of all ordered triples of points inscribed in the
unit circle S1. We associate a triple (p, q, r) ∈ T with the triangle spanned by the
points p, q, r. (Some triangles will be degenerate, but the set of degenerate triangles
has measure 0). By a simple application of Theorem 2 we have the following.
Theorem 3. Let ν be a probability measure on S1 and let µs = ν × ν × ν be the
corresponding product measure on T. Let F ⊂ T be an intersecting measurable family
of triangles. Then µs(F) ≤
1
4
.
Proof. Fix an intersecting family F ⊂ T. Let us generate a random triangle from T as
follows: first, choose a set P of n points on S1, where each point is chosen independently
according to the distribution ν. Second, choose a triple of points from P uniformly at
random from the set of all triples. It is easy to see that the obtained distribution on T
is the same as the distribution µs.
Using Theorem 2, any intersecting family of triangles on P has measure at most
1
4
+ o(1) as n →∞. Thus,
∣∣F ∩ (P
3
)∣∣ ≤ (1
4
+ o(1))
(
n
3
)
. Since this inequality is valid for
any set P of n points, the theorem follows.
1This set of points consists of three ‘clusters’ of points, each located aroud a vertex of an equilateral
triangle
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1 Proofs
1.1 First proof of Theorem 1
In this subsection, all edges and triangles are spanned by V , that is, their endpoints
(vertices) are in V .
Let us start by showing that the number of triangles containing x is F (n). First
consider the case of odd n. Choose the first vertex v of the triangle in n ways. Then
the line vx has n−1
2
points on each side. In order to contain x in the interior, (i) the
remaining vertices v′, v′′ of the triangle must come from different sides of the line vx;
(ii) out of the two arcs connecting v′ and v′′ the one containing v must be longer. There
are i + 1 choices of v′, v′′ so that the shorter arc has exactly i vertices of Kn in the
interior, and i ≤ n−3
2
by condition (ii). Summing over i (and dividing by 3 because we
count each triangle 3 times), we get that the number of triangles containing x equals
n
3
(
1 + 2 + · · ·+ n−1
2
)
= n
3
(n+1
2
2
)
= (n−1)n(n+1)
24
= (n−1)(n−3)(n+1)
48
+ (n−1)(n+3)(n+1)
48
= F (n).
If n is even then we do the same count, but first excluding the triangles with one side
being the diameter of S1. The number of such triangles equals n
3
(
0 + 1 + . . .+ n−4
2
)
=
n(n−2)(n−4)
24
. Next, out of triangles with one side being the diameter exactly half of
them contain x, which equals n(n−2)
4
. Summing up, we get that the number of triangles
containing x is n(n−2)(n+2)
24
= F (n).
We now start the proof of Theorem 1. First some definitions. Let e1 and e2 be a
pair of edges that share a common vertex. In other words, e1 and e2 are the edges of
a path on three vertices. (See Figure 1, left.) We add edges parallel to e1 or e2 to the
endpoints of the current path to obtain a longer path. We repeat this process until
we reach a unique maximal path called the path defined by e1 and e2. (See Figure 1,
center.) Taking the convex hull of consecutive pairs of edges on the path defined by
e1 and e2, we get a family of triangles that we call the strip of e1 and e2. The strip of
e1 and e2 is nontrivial if it consists of at least two triangles. Note that the union of
all triangles from one strip is a triangulation of a convex polygon. In particular, the
triangles from one strip have pairwise disjoint interiors. (See Figure 1, right.) Finally,
let step(e1, e2) denote the number of vertices of V lying between the endpoints of the
path e1e2 belonging to the open arc not containing the shared vertex of e1 and e2.
Claim 1. In each nontrivial strip there is exactly one triangle that contains x in its
interior.
4
Figure 1: Definition of a strip. On the left: edges e1 and e2 sharing an endpoint. In the
center: the path defined by e1 and e2, where step(e1, e2) = 3. On the right: the strip
of e1 and e2.
Proof. Consider a pair of edges e1 and e2 that share a common vertex. Let a1 denote
the number of vertices of V that lie on the open circular arc bounded by e1 on the side
opposite to e2. Define a2 analogously. The 2-path e1e2 can be extended to a nontrivial
strip if and only if max{a1, a2} > step(e1, e2). Thus,
|V | = n = a1 + a2 + step(e1, e2) + 3 > 2 · step(e1, e2) + 3.
We conlcude that if e1 and e2 define a nontrivial strip, then step(e1, e2) < ⌊
n−3
2
⌋.
We now show that every nontrivial strip contains x. Let W be the vertices of the
path defined by e1 and e2. If we delete the points of W from the unit circle, then the
remaining set S1 \W is a disjoint union of open circular arcs. By the maximality of
the path determined by e1 and e2, each of these open arcs contains at most step(e1, e2)
points from V \W . If x is not contained in the the convex hull of W , then the center
can be separated from W by some straight line. The side of this line opposite to
the one containing W contains at least ⌊n−2
2
⌋ points from V \W (since V is uniformly
distributed and x is sufficiently close to the origin). But this contradicts the observation
that each open arc of S1 \W contains at most step(e1, e2) < ⌊
n−3
2
⌋ points. This shows
that the union of the triangles of a nontrivial strip always contains the center. Clearly,
the center must be contained in the interior of exactly one of its triangles since the
union of the triangles of a strip form a triangulation of a convex polygon. (Note that,
by our choice of x, it is not on the boundary of any triangle spanned by V .)
Claim 2. Every triangle spanned by V is contained in at most two nontrivial strips.
Moreover, any triangle not containing x is contained in exactly two nontrivial strips.
Proof. Clearly, every triangle is contained in three strips, one for each of the three
possible pairs of its edges. We need to show that at least one of these is trivial. Let
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e1, e2, e3 be the edges of a triangle, and let a1 ≥ a2 ≥ a3 denote the numbers of points
on the open arcs bounded by the three sides e1, e2, e3, respectively. Then it is clear that
the strip defined by the pair e2 and e3 consists of only one triangle: we do not have
enough room in either of the arcs bounded by e2 and e3 to make a step of size e1. This
proves the first part of the statement.
To show the validity of second part, it is enough to notice that if a triangle does not
contain x then, in the notation above, we have a1 > a2 ≥ a3, and thus we can produce
a non-trivial strip starting from both e1, e2 and e1, e3: there is enough room on the arc
bounded by e1 to make a step of size a2 or a3.
The proof of the theorem is now concluded by a double-counting argument. Let F
be an intersecting family of triangles spanned by V . Then, clearly, for each non-trivial
strip S we have |S ∩ F| ≤ 1 since the triangles in each strip have pairwise disjoint
interiors. Let C denote the family of triangles containing x and let W denote the
collection of all non-trivial strips. Using Claim 1, we get
∑
S∈W
|S ∩ F| ≤ |W| =
∑
S∈W
|S ∩ C|. (1)
We now express the two sums in (1) in different ways. The family C can be parti-
tioned as C = C0∪C1∪C2, where Ci denotes the subfamily of triangles contained in pre-
cisely i non-trivial strips. By Claim 2, we have
∑
S∈W |S∩F| = 2|F \(C1∪C0)|+|F∩C1|.
At the same time, we have
∑
S∈W |S ∩ C| = 2|C2|+ |C1|. Plugging this into (1), we get
2|F| =
∑
S∈W
|S ∩ F|+ |F ∩ C1|+ 2|F ∩ C0| ≤
∑
S∈W
|S ∩ C|+ |C1|+ 2|C0| = 2|C|.
1.2 Second proof of Theorem 1
Consider an intersecting family F spanned by V . We are going to inductively modify F
by deleting and adding triangles such that (i) at each step the family stays intersecting
and (ii) at each step we add at least as many triangles as we delete. The process will
terminate when we reach a subfamily of the family C of all triangles containing x.
If F ⊂ C then we are done, so we may assume F 6⊂ C, which means that at least one
triangle in F does not contain x. Let T ∈ F be a triangle that has the largest distance
from x and let ab, a, b ∈ Kn, be the side of T that is closest to x. Let Fab ⊂ F denote
the subfamily of all triangles in F that have side ab. Note that every triangle in F \Fab
contains a point y ∈ relint(ab) in its interior. This follows from the assumption that
F is intersecting and since T maximizes the distance from x. We define a new family
F ′ = (F \ Fab) ∪ F
′
ab, where F
′
ab is the family of all triangles that have side ab and do
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not intersect the interior of T (i.e., their third vertex is lying on the same side of ab as
x).
We make two simple observations. First, there are at least as many points of Kn
on the side of ab that contains x as there points of Kn on the side containing the third
vertex of T . Thus, |F ′| ≥ |F|. Second, we observe that F ′ is intersecting. Indeed, the
triangles in F ′ab all share an interior point, say, close to the midpoint of ab. Moreover,
as we noted above, any triangle in F \ Fab contains some point y ∈ relint(ab) in its
interior, and thus contains any point sufficiently close to y in its interior. But any point
sufficiently close to y and lying on the same side of ab as x is also contained in the
interior of any triangle in F ′ab.
By performing this replacement procedure sufficiently many times, the initial family
F eventually transforms into a subfamily of C, while the size of the family does not
decrease at any step. This shows that |F| ≤ |C|.
1.3 Proof of Theorem 2
Now we give a proof of Theorem 2, which also provides yet another proof of Theorem
1. We have shown in the introduction that there is an intersecting family of size F (n),
and thus we only need to show the upper bound. First observe that the theorem holds
holds trivially for n = 3, and is easily verified for n = 4. We will proceed by induction
on |P |. Let P be a set of n > 4 points in convex position, and let F be an intersecting
family of triangles spanned by P .
Recall that we have a natural cyclic order on P induced by convex position. For
the proof, an arc is a subset of P that consists of consecutive points in this order. For
two points p1, p2 ∈ P , we denote by Ap1p2 the arc with endpoints p1, p2 and that goes
clockwise from p1. We also use the following convention: the vertices of any triangle pqr
(p, q, r ∈ P ) used in this proof are given in clockwise order, that is, we meet q before r
when going clockwise from p.
For a point p ∈ P , consider the family F(p) ⊂ F of triangles with vertex p. We
may assume that F(p) is nonempty for any p ∈ P , otherwise we can simply apply
induction to P \ {p}. Given a triangle pqr ∈ F(p), its side qr can be identified with
Aqr ⊂ P \ {p}. Let A(p) = {Aqr : pqr ∈ F(p)} be the collection of such arcs over all
triangles in F(p). Since F is an intersecting family, each pair of arcs from A(p) share
at least two consecutive points from P \ {p}. Thus, there is an arc C(p) ⊂ P \ {p}
consisting of at least two points, that is contained in all arcs from A(p). (This follows
from Helly’s theorem in dimension one.)
Claim 3. There exists a pair of points p, q ∈ P , such that p ∈ C(q) and q ∈ C(p).
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Figure 2: Illustration for the proof of Claim 3. On the left: the clockwise order pq′r′q . . .
gives triangles with disjoint interiors. On the right: the clockwise order p, q, q′r′ . . . gives
|Apq′| > |Apq|.
Proof. Choose a triangle pqr ∈ F for which |Apq| is maximized. We show that p and q
satisfy the assertion of the claim. Consider a triangle pq′r′ ∈ F(p). If q /∈ Aq′r′ then the
clockwise order on these 5 points is either pq′r′q . . . or pqq′ . . .. In the former case, the
triangles pqr and pq′r′ have disjoint interiors. In the latter case, we have |Apq′| > |Apq|.
Both cases give a contradiction. This implies that q ∈ Aq′r′, and thus q ∈ C(p). A
symmetric argument shows that p ∈ C(q). (See Figure 2 for an illustration.)
Consider a pair of points p, q ∈ P guaranteed by Lemma 3. Then F(p) ∪ F(q) =
F1 ∪ F2 ∪ F3, where
• F1 is the family of all triangles from F with vertices p and q;
• F2 (F3) is the family of all triangles from F(p) (F(q)), whose two vertices different
from p (q) are separated by the line ℓ passing through p and q.
Assume that ℓ contains a points from P on one side and b points on the other, where
a+b = n−2 and a ≤ b. We cannot simultaneously include in F1 two triangles that have
their third vertex on Apq and Aqp, respectively, because the interiors of these triangles
do not intersect. Thus, |F1| ≤ b. Similarly , for any pair of points x, y lying on the
opposite sides of the line connecting p and q, the triangles xyq and xyp have disjoint
interiors and thus only one of them may belong to F . Thus, |F2|+ |F3| ≤ ab. Putting
these bounds together and using (a + 1) + b = n− 1, we get that
|F(p) ∪ F(q)| ≤ (a+ 1)b ≤
⌈n− 1
2
⌉⌊n− 1
2
⌋
. (2)
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It is easy to check for both odd and even n that the last expression is equal to
(
⌈n
2
⌉
2
)
+(
⌊n
2
⌋
2
)
. Applying inductive hypothesis to P \ {p, q}, we get that
|F| ≤
(⌈
n
2
⌉
3
)
+
(⌊
n
2
⌋
3
)
+
(⌈
n
2
⌉
2
)
+
(⌊
n
2
⌋
2
)
=
(⌈
n+2
2
⌉
2
)
+
(⌊
n+2
2
⌋
2
)
= F (n).
This completes the proof.
2 Open problems
Let us first state some open questions concerning the case of intersecting families of
triangles.
Problem 1. What is the maximum and the minimum, over all point sets P of size n,
of the size of the largest intersecting family of triangles spanned by P? Is the maximum
always at most
(
1
4
+ o(1)
)(
n
3
)
as n → ∞? Is the minimum at most
(
c + o(1)
)(
n
3
)
with
c < 1/4 as n→∞?
Problem 2. What happens if one relaxes the intersecting condition and allows triangles
to intersect on the boundary?
Problem 3. Find analogues of our results for other classes of sets such as convex
k-gons in R2.
Finally, one may also ask similar questions in higher dimensions. For instance, given
n points in general position in Rd it is known (see for instance [11, Remark 4.2]) that
the number of d-simplices containing the origin in its interior is at most
Fd(n) =
(
⌊n+2
2
⌋
d+ 1
)
+
(
⌈n+2
2
⌉
d+ 1
)
.
Problem 4. Let P be a set of points in general position in Rd (or on the unit sphere
in Rd) and let F be family of d-simplices spanned P such that any d-tuple of them have
a common point in their interior. Is it true that |F| ≤ Fd(n)?
Instead of requiring every d-tuple have a point in common interior point, it also
makes sense to ask that every t-tuple have a common interior point for some fixed
1 < t ≤ d.
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